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ON FOCUSING COUPLED FOURTH-ORDER NONLINEAR 
SCHRODINGER EQUATIONS 

R. GHANMI AND T. SAANOUNI 


Abstract. We investigate some focusing fourth-order coupled Schrddinger equa¬ 
tions. Existence of ground state and global well-posedness are obtained. Moreover, 
the best constant of some Gagliardo-Niremberg inequality is studied. 
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1. Introduction 


Consider the focusing Cauchy problem for a fourth-order Schrddinger system with 
power-type nonlinearities 


( 1 . 1 ) 
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where Uj : x R —)■ C, for j G [1, m] and ajk = a^j are positive real numbers. 

The m-component coupled nonlinear Schrodinger system with power-type nonlin¬ 
earities 

d ™ 

{CNLS)p i-^Uj + Auj + ^ /3jk\uk\^\uj\^~‘^Uj = 0, 


arises in many physical problems such as nonlinear optics and Bose-Einstein conden¬ 
sates. This models physical systems in which the held has more than one component. 
In nonlinear optics jl] uj denotes the component of the beam in Kerr-like photo- 
refractive media. The coupling constant j3jk acts to the interaction between the 
and the components of the beam. The {CNLS)p system arises also in the 
Hartree-Fock theory for a two component Bose-Einstein condensate. Readers are 
referred to various other works [iniEi] for the derivation and applications of this 
system. 

Fourth-order Schrodinger equations have been introduced by Karpman [m and 
Karpman-Shagalov na to take into account the role of small fourth-order disper¬ 
sion terms in the propagation of intense laser beams in a bulk medium with Kerr 
nonlinearity. 

A solution u := to fll.ip formally satishes respectively conservation of 

the mass and the energy 


E{u{t)) 



M{uj) := / \uj{x,t)\‘^ dx = 

Jrn 

1 m „ 

lAujpdx- ttjk / \uj{x,t)\^\uk{x,t)\^ dx = E{u{0)). 


Before going further let us recall some historic facts about these problems. {CNLS)p 
have been extensively studied by many mathematicians in recent years [DEIEIEIEI 
[H [mini ESI 12S1EU3. Most of these papers are devoted to study the elliptic systems 
associated to {CNLS)p and various methods have been employed to construct solu¬ 
tion for different regimes of parameter (3jk- In [21 |T7l EHl ES], the existence of ground 
state solutions to the associated elliptic system was proved for suitable /djk > 0. In 
p 0 El E], the existence of multiple solutions to some two coupled Schrodinger 
equations was investigated for {djk < 0. For fourth-order Schrodinger equation, the 
model case given by a pure power nonlinearity is of particular interest. The question 
of well-posedness in the energy space was widely investigated. We denote for 
p > 1 the fourth-order Schrodinger problem 

{NLS)p idtu +A\±u\u\P-^ = 0, n : R x R^ ^ C. 

This equation satishes a scaling invariance. Indeed, if n is a solution to {NLS)p with 

4 4 

data uq, then u\ := A^n(A^ ■, A .) is a solution to {NLS)p with data A^mo(A .). 
For Sc ■= Y — the space whose norm is invariant under the dilatation 
M I—)■ tiA is relevant in this theory. When Sc = 2 which corresponds to the energy 
critical case, the critical power is Pc := N > 5. Pausader [21] established global 
well-posedness in the defocusing subcritical case, namely 1 < p < Pc- Moreover, he 
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established global well-posedness and scattering for radial data in the defocnsing 
critical case, namely p = pc- The same resnlt in the critical case withont radial 
condition was obtained by Miao, Xn and Zhao izu, for N > 9. The focnsing case 
was treated by the last anthors in izg. They obtained similar resnlts to those proved 
by Kenig and Merle m in the classical Schrodinger case. See IZ71 in the case of 
exponential nonlinearity. In [5], we have the existence of solntions for a system of 
conpled nonlinear stationary biharmonic Schrodinger eqnations. 

In this note, we combine in some meaning the two problems {NLS)p and {CNLS)p. 
Thus, we have to overcome two difficulties. The hrst one is the presence of bilapla- 
cian in Schrodinger operator and the second is the coupled nonlinearities. In a recent 
work, the authors proved local well-posedness of fll.l|l in the energy space [23] in 
the scale of 1 < P < ioY 4 < N <6 and l<p<ooifA^ = 4. 

The purpose of this manuscript is two-fold. First, by obtaining existence of a 
ground state, global well-posedness of the system fll.ip is discussed via potential 
well method. Second, using classical variational methods [21], a sharp constant of 
some Gagliardo-Niremberg inequality is obtained and global existence in the mass 
critical case is deduced. 


The rest of this paper is organized as follows. The next section contains the main 
results and some technical tools needed in the sequel. The goal of the third section, 
is to study the stationary problem associated to fll.ip . In section four, global exis¬ 
tence is discussed via the potential-well theory. Section hve is devoted to prove the 
minimal embedding constant for some vector Gagliardo-Nirenberg inequality. As a 
consequence, global existence for small initial data is shown for the mass critical 
case p = 1 in the last section. 


We end this section with some dehnitions. Let the product space as 
H := X ... X H\R^) = [iL2(M^)]™ 

where H‘^{R^) is the usual Sobolev space endowed with the complete norm 


||'W||h 2(RJV) (^||'W||i2(RjV) + ||A'u||^2(rJV) 

We denote the real numbers 


p* := 1 + — and p* : = 


AW if > 4- 

oo if N = A. 


We mention that C will denote a constant which may vary from line to line and if A 
and B are nonnegative real numbers, A < B means that A < CB. For 1 < r < cxd 
and (s,T) G [1, cxd) x (0, oo), we denote the Lebesgue space U := ^(R^) with the 
usual norm || . ||r := || . \\l^i || . || := || . II 2 and 


|n||L^(Lr) 


|M(t)||r dt 
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For simplicity, we denote the usual Sobolev Space := and := 

If X is an abstract space Ct{X) := C([0,r],X) stands for the set of contin¬ 
uous functions valued in X and X^d is the set of radial elements in X, moreover for 
an eventual solution to fll.ll) . we denote T* > 0 it’s lifespan. 


2. Background Material 


In what follows, we give the main results and some estimates needed in the sequel. 
For u := (til,..., iim) ^ H, we define the action 


1 


\ujUk\^ dx. 


s(u) 

j=l ^ j,k=l 

If a, /3 G M, we call constraint 

2X„,;3(u) :=^((2a + (X-4)/3)||A7t,-f+ (2a + X/3)||7t,-f)-- ^ ajk / {2pa + NP)\^ 


i=i 


^>=l 


Definition 2.1. We say that \h := (■^i, is a ground state solution to fll.ip if 

m 

(2.2) + ijj = e H 

k=l 

and it minimizes the problem 


(2.3) ma,y ■■= inf {S'(u) s.t Ka,is{u)=0}. 

O^UGHrd 

Moreover, d' is called vector ground state if each component is nonzero. 


2.1. Main results. First, we obtain existence of a ground state solution to fll.ip . 

Theorem 2.2. Take N > 4, p,„ < p < p* and two real numbers (0,0) ^ (a,/3) G 
Then 

(1) m := ma,i 3 is nonzero and independent of {a, ft); 

(2) there is a minimizer of fl2.3p . which is some nontrivial solution to fl2.2p . 

Remark 2.3. If^IGHisa solution to fl2.2p . then e^^4l is a global solution of (ED 
said standing wave. 


Second, using the potential well method, we discuss the existence of a global 
solution to the focusing problem fll.ip . 

Theorem 2.4. Take 4 < X < 6 and p* < p < p*. Let 4 / E H and u G Ct*{H) the 
maximal solution to (nil. If there exist (0,0) ^ (a,/3) G IR+ and to G [0,T*) such 
that 

u(^o) e A+^ := {v G R s. t F(v) < m and > 0}, 

then u is global. 
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Now, we study the existence of a vector ground state. For easy computation, we 
make the following assumptions 

ttjj = fij and ttjk = 13 for j ^ k E [I, m]. 

Then, the system fll.lj) takes the form 

(2.4) aVj + 

The next result guarantees the uniqueness of a positive vector ground state. 

Theorem 2.5. Let 4 < N, < p < p* and T a ground state of fl2.4p . Then 

(1) at least two components o/T are non zero if (3 > 0 is large enough; 

(2) 4! is a unigue positive vector ground state if ft > 0 is small enough. 

In some cases, there exists a positive vector solution whose components are con¬ 
stant multiples of w which is [2S] the unique radial solution of 

(2.5) A'^w + w = . 

The proof of the next result follows as in |19j . 

Theorem 2.6. Let 4 < N, p^, < p < p* and /3 > 0 given as in the previous 
Theorem. Then, the system fl2.4p has a positive vector solution T* which can he 
written in terms of w, provided one of the following two conditions holds 

(1) p = 2 and 0 < ft < mini<j<m{/ij} or ft > maxi<j<m{pj}-, 

(2) l<p^2. 


Third, a sharp vector-valued Gagliardo-Nirenberg inequality is studied. Denote 
CNpajk the best constant in the estimate 

( 2 . 6 )' 


(p-i)iv 


1 


•= FF / Ifjjfl'ifkfdx < C' ^ WAfjj 


2p 

7,fc=l 


0=1 


0=1 


N-p(N-4) 

4 


The minimal constant is determined by the equation 

1 


(2.7) 
where 

( 2 . 8 ) 


a := — -= inf /(j/i), 

m 

II II' 




Eii^^. 


(p-i)iv m 


N-p(N-4) 


J=1 


PW 


Theorem 2.7. Let N > 4 and p* < p < p*. The minimum value for (1^ is 
achieved and the minimizer {tfl, can be selected such that 

m m 

i=i i=i 
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Moreover, if P > 0 is sufficiently small, the minimal constant in this case is given 
by 


Cn,p = 




(p-l)iV-4 

4p{N - p{N - 4)) 4 

~ . (p-i)JV 

(A^(p — 1)) 


Finally, using the minimal constant in the previous vector-valued Gagliardo- 

Nirenberg inequality, we deduce that the Cauchy problem fll.ip has a global solution 
in the mass critical case p = p* provided that the initial data is sufficiently small. 


Theorem 2.8. Let 4 < At < 6, p = p* and 4/ := {'ifi ,^ H. Then there exists 
a unique global solution u G (^(M, H) of the Cauchy problem fll.ip so long as 



i=i 


In what follows, we collect some intermediate estimates. 

2.2. Tools. Let us recall some useful Sobolev embeddings ing. 

Proposition 2.9. The two first injections are continuous and the last one is com¬ 
pact. 

(1) whenever 1 < p < q < oo, s>0 and ^ ^ 

(2) whenever 1 < pi < P 2 < C)o; 

(3) for 2 < p < 2p*, 

(2.9) ^ LP{R^). 

Finally, we give the so-called generalized Pohozaev identity |13j . 

Proposition 2.10. 4/ E H is solution to fl2.2p if and only if S'{4/) = 0. Moreover, 
in such a case 

= for any {a,fi)ER^. 


3. The stationary problem 

The goal of this section is to prove that the elliptic problem fl2.2p associated to 
(O has a ground state which is a unique vector in some cases. Let us start with 
some notations. For Uj G and n := (mi, ...,Um), we denote the actions 

:= + ll^jlP); 

m „ 

ajk / \ujUkf dx. 

Pk=i 

For X, a, fi E M, we introduce the scaling 

(^A)a,/3 _ 

and the differential operator 

£a,p '■ Uj HA 9a((m^)"’^)|A=0- 
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We extend the previous operator as follows, if A : —)■ M, then 

£a,/3A(u,) := dx(A((u^r%,=o- 
Denote also, for a,/? G M and uj G the constraint 

■= £a,f3iS{uj)) = ^(2a +{N - A)P)\\Aujf + ^(2a + N f3)\\ujf 


and 




|A=0 


-V w 

9 / ^ ' 


- ((2a + {N- 4)/?)||An,.||2 + (2a + iV/?)||n,| 
i=i 

1 m 

— / CLjk / {2pa + Nl3)\ujUk\^ dx 

Jm 

- — ajk / {2pa + N(3)\ujUk\^ dx 
2P Jr- 


5/3 Kl 


Finally, we introduce the quantities 

^5/3(«.) := - 

and 




2a + N(3 


2a + iV/5 




2a + N fd 


2a + N Id 


2/3|| + a(l- )(^jk / \ujUk\^ dx 

i=i 


p ^ 

^ j,k=l 


3.1. Existence of ground state. Now, we prove Theorem 12.21 about existence of 
a ground state solution to the stationary problem fl 2 . 2 p . 

Remark 3.1. (i) The proof of the Theorem \2.^ is based on several lemmas; 

(ii) we write, for easy notation, Uj := (n^)"’^, K := Ka,p, := 

£a,l3 andH . Ha p. 

Lemma 3.2. Let {a,fd) G M^. Then 

(1) min (£R(u), R(u)) > 0 for a// 0 7 ^ u G R. 

(2) A H- )■ H{vA) is increasing. 


H{m) > W{uj) 


2a + A/3 



> 0. 


Proof. We have 
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Moreover, with a direct computation 

= 2a~+N^ ^^ ~ ~ + (2« + (^ - 4)/3)(l - 

= 2a~+Np ^^ ~ + NP))S{m) + (2a + (iV - 4)/3)F(u). 


Since (£ — (2a + (A^ — 4)/?))||Au^lp = (£ — (2a + A/5))||uj|p = 0, we have 
{£ - (2a +{N - A)^)) {£ - (2a + N^))\\uj\\]j^ = 0 and 

1 1 ^ /* 

£H{\i) > ^ ^ ^ {£ - {2a + {N - £)^)){£ - {2a + N I5)){^— ^ ajk j^^\ujUk\^ dx^ 


> 


1 2a(p- 1) 
^2a + N/3 


{2a{p - 1) + 4/3) Ctj]^ 

j,k=l 


UjUkl^ dx > 0. 


The last point is a consequence of the equality d\H{u^) = £H{u^). In fact 
dxH{u^) = dxH{e^^u{e-^\)) 

= //'(e“^u(e-4\)) (^ae"^u(e-^^.) - /3e-4\"^u'(e-^^.)) 
= H'{u^) ^au^ — /9e“4^u'^ j 

and 


£H{u^) = a^(//(u")^)l^=o 

= i/'(u^) (^auj - /3e-^^u'^) . 


/i=0 


The next intermediate result is the following. 

Lemma 3.3. Let (0,0) ^ {a,/3) G satisfying {N, a) ^ (4,0) andO ^ (u”,..., uj)^) 
he a bounded sequence of H such that 

m 

lim( 5 ;A'««))= 0 . 

i=i 

Then there exists no ^ Id such that K{uf, ■■■,u^) > 0 for all n > no- 
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Proof. We have, 


K(ut, = i f: K«(u-) - f f 

i=l ^ j,k=l 

Using the interpolation inequality fl2.6p . 




dx. 


m « 

o-jfc / 




'j M “fe I ^ 


<clj2\\^u^j 


(p-l)iV 

4 / m 


N-p{N-A) 

4 


,n||2 


0=1 


E 

0=1 


.n||2 


Mo 


Since < p < p*, min{(2Q; + (A^ — 4),5), 2 q; + N(3} > 0 and 

K^{u^) = ((2a +{N- 4)/3)\\Au]\\^ + (2a + N/3)\\u]\\^^ ^ 0, 


yields 


m « 

o-jfc / 

i,fc=i 


= o 




n II 2 


= O 


vi=i 


Ei'AU)). 

vi=i 


Thus 


A'K,)~-5;] A'®K) a o- 


i=i 


We read an auxiliary result. 

Lemma 3.4. Let (0,0) ^ {ct,i3) G satisfying {N,a) ^ (4,0). Then 
ruap = inf {hf(0) s. th K{(j)) < O}. 

0^(pGHj.d 

Proof. Denoting by a the right hand side of the previous equality, it is sufficient to 
prove that ma,j 3 < a. Take cp E H such that K{(j)) < 0. Because lim = 0, 

by the previous Lemma, there exists some A < 0 such that K^cfA) > 0. With a 
continuity argument there exists Aq < 0 such that K{(f)^°) = 0, then since A 
is increasing, we get 

< iL(y°) < i/( 0 ). 

This closes the proof. ■ 

Proof of theorem 12.21 

First case {N,a) ^ (4,0). 

Let (O) := (01! ■■•)0m) be a minimising sequence, namely 
(3.10) 0 7^ {(pn) e Hrd, K{(pn) = 0 and limiL(0„) = hmS'(0„) 


= m. 
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• First step: {(f)n) is bounded in H. 
First subcase a 7 ^ 0. Write 


a 


m m« p m m -.j m ^ 

Y.W\h^- E ^ / \4>^rk?dx 

j=i j,k=i i=i .7=1 ^ . 7 ,fc=i 

m 

- E i 

^ j,k=i 


J = 7 
F dx — 7 > 2 ?n. 


i=i 

Assume that /? 7 ^ 0, denoting A := ^, yields 

m m« m m -j.jm^ 

E iI'^'jIIh*- E = ^bEii'^'#'jii"-"Eii^”iiff"+v ^ 

j=i yfe=i i=i i=i ^ iA=i 

So the following sequences are bounded 

lit n 

-4AE l|A.7."|P + E ll€ll«> - E 

i,k=l dRN 


dx 


i=i 


m m 

i=i 

m 


^^kl^dx; 


lit ^ IIt n 

7 = 1 P i,k=l dRN 


■^kl^dx. 

,=i ' ^^“l ' 

Thus, for any real number a, the following sequence is also bounded 


m m m « 

4AEl|A^"f+(a-l)Ell€ll«- + (l-bE“J* / 1'^' 

J.i J.i P jA-i 

Choosing a G (l,p), it follows that {(j)n) is bounded in H. 

Second subcase a = 0 and N > 5. Write 

TtX TTt TTi 

E iiA^”ir < 77„,,(« = 5-^[E2-9iA€f+“(i-b E / 




\rM?dx 


< m. 


Assume that lim y ||0”|| = cxd. Then, taking account of the interpolation inequality 
i=i 

fl 2 . 6 p . we get 


E li'^"ir' :£ = -A"‘(r) < E11'#’: 


N-p{N-A) 

4 


n||2 


This is a contradiction because = p — < 1 . 

• Second step: the limit of (0„) is nonzero and m > 0. 
Taking account of the compact injection (12.91) . we take 

(<^ 1 ,--^O ^ = ( 0 D in H 


(*.■■■>».) ill (Di')'’"'. 


and 
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The equality K{(j)n) = 0 implies that 



Assume that 0 = 0. Using Holder inequality, then because p > 2, 



Now, by lemma [23] yields Ar(0„) > 0 for large n. This contradiction implies that 


0 ^ 0 . 


With lower semi continuity of the norm, we have 
0 = hminfA'(0„) 


n 






Similarly, we have hf(0) < m. Moreover, thanks to Lemma [3.41 we can assume that 
A'(0) = 0 and 5(0) = < m. So that 0 is a minimizer satisfying fld.lOp and 







• Third step: the limit 0 is a solution to fl2.2p . 

There is a Lagrange multiplier p G M such that S'{(f)) = r]K'{(fi). Thus 


0 = iL(0) = £5(0) = (5'(0), £(0)) = v{K'{<P), £(0)) = p£i^(0) = p£^5(0). 

With a previous computation, we have 

-£^S{(f)) - {2a + {N- 4)/3)(2a + N/3)5(0) = -{£ - {2a + {N - 4)/3))(£ - (2a + A^/3))5(0) 



1 


2p 


> 0 . 


Therefore £^5(0) < 0. Thus r] = 0 and 5'(0) = 0. So, 0 is a ground state and m is 
independent of a, 0. 

Second case a = 0 and iV = 4. 

Let (0„) := (0", .■■,(f>m) be a minimising sequence, satisfying fld.lOp . 

• First step: (0„) is bounded in H. 

Without loss of generality, take 0 = 1. We have 
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J=1 

By 03.101) via the definition of {4’n) 



is bounded in 


(H2)M. Now because 


Ko,M) = = 0 , 

by the scaling := 0„(e“'^.), we may assume that \\(f>^\\ = 1 for j G Thus 

{(pn) is bounded in H. 

• Second step: the limit of (0„) is nonzero and m > 0. 

Taking account of the compact injection 02.91) . we take 

^ (0D->m) in H 

and 

Now, by the fact 0 = K{(f)n), we have 


1 = 



Moreover, if 0 = 0, we have 


wmWp < uniUkEp ^ uMpImi, = o, 

which is a contradiction. Then 

<^^0. 

For 0 < A — > 0, we have 

m « 

V a,k / \H^^\\<t>kY dx = o{K^{\ct>)) = A2K«(0), 

3,k=l 

hence K^{X4>) > 0. Thus, 

Ko,i{(j)) < 0 ^ 3A G (0,1), s.th iFo,i(A0) = 0 and Ho^i{\(j)) < Ho^i{(j)). 

So, we may assume that K{(f)) = 0 and S{(f)) = < m. Then 0 is a minimizer 

and m = H{<j)) > 0. 

• Third step: The limit 0 is a solution to 02.2p . 

With a lagrange multiplicator // G M, we have S'{(j)) = r]K'{(p). Moreover, since 

m m 

S'{(f)j) = A'^(f)j+(j)j-'^ajk\4>k\^\(j)j\^~'^(j)j and K'{(pj) = 40 —4 ^ 

k=l k=l 


AVj = (4r/ - l)(0j - \(j)k\^\(j)j\^ ^0i)- 

k=l 


it follows that 






Since (j)j) > 0 and 
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lit ^ lit 





\(j)k4>j\^ dx < 0 


Then [Arj — 1) < 0. Finally, choosing a real number A such that e — 1) = —1, 

existence of a ground state follows taking account of the equality 


m 




k=l 


3.2. Existence of vector ground state. Now, we present the proof of Theorem 
12.51 which contains two parts. 

(1) The hrst one deals with existence of a more that one non zero component 
ground state for large (3. 

Take 0 := (0i,..., 0m) such that (0,..., (f)j ,..., 0) is a ground state solution to 
(1^ . So, 0j satishes 


m m 


+ 0i = hi0j|0ir^ ^ and ^ || 0 ill ^2 = ^ 


t=i i=i 


Moreover, by Pohozaev identity it follows that 



Collecting the previous identities, we can write 



(3.11) 


Setting, for f > 0, the real variable function 'j{t) := (0i(j), com¬ 

pute 



j=i j=i j=i 



^o,i(7W) 
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and 


ait) 


Silit)) 


1 


2p 


i=i i=i 

f^t^ dx. 

l<k^j<md*^ 


1 

2p 


j=i 


II 2p 

II 2p 


Thanks to fl3.1ip . g(t) < 0 for large t. Then, since < 7 ( 0 ) = 0 The maximnm 
of g{t) for f > 0 is achieved at f > 0. Precisely g{i) = ma.xg{t). Moreover, 


g'(t) = 0 = t 


AT A ^ AT ^ AT 


- y] 

2p^ ^ 


t=i 

\cj)j4)k\^ dx 


i=i 


2p ^ 

^ 7=1 




Then, 


t = 


N-A\i 


N 


vi=i 




1 • 

4 


J = ^ " 

Thus, the maximum value of g is 


ff(i) = T^^ait) 


2{N -4) — 


0 = 1 


K 

4 


N 4 


lYdM^\\Z + 


i=i 


p 




IMkfdx-'^Wcpj 




j=l 


Now, take u := (wi, ..,Um) a gronnd state to fll.ip . when jS —> 00 , it follows 
from the previons eqnality that 


0 < m = S{u) < ^(0i(|),..., 0m(|)) —^ 0. 

This contradiction achieves the proof. 

(2) The second one gnarantees the nniqneness of a positive vector solntion to 
the system fl2.4p when /3 > 0 is snfficiently small. 

It is snfficient to apply the implicit Theorem, and some known result [28] 
about existence of a unique positive radial solution when /3 = 0. 
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4. Global well-posedness 

This section is devoted to obtain global existence of a solution to the system fll.ll) . 
We start with a classical result about stable sets under the flow of fll.ll) . Define 

:= {u G if I ^(u) < m and Ka,j 3 {u) > 0 }. 

Lemma 4.1. For any (0,0) 7 ^ (q;,/9) G the set is invariant under the flow 

of (HH). 

Proof. Let T G and u G Ct*{H) be the maximal solution to fll.ip . Assume that 
u(to) ^ A'^ for some to G (0, T*). Since <S'(u) is conserved, we have y 3 (u(fo)) < 0. 
So, with a continuity argument, there exists a positive time ti G (0,to) such that 
Ka^p{u(ti)) = 0 and 5'(u(ti)) < m. This contradicts the definition of m. m 


Lemma 4.2. For any (0,0) 7 ^ («,/?) G the sets and A^ ^ are independent 
of{a,fl). 


Proof. Let {a, fl) and {af fl') in — {(0,0)}. We denote, for 5 > 0, the sets 

:= {v G iL s. t *S'(v) < m — 6 and Ka^piy) > 0}; 

A“^ := {v G LT s. t 5'(v) < m — S and K^^piy) < 0}. 


By the previous result, the reunion A^^ U A“^ is independent of (a,/9). So, it is 
sufficient to prove that A)}_^ is independent of (a, fl). If <5'(v) < m and Ka,p{y) = 0, 
then V = 0. So, A)}^ is open. The rescaling v"'' := e"^v(e“^^.) implies that a 
neighborhood of zero is in A^^. Moreover, this rescaling with A —>■ — cxo gives that 
A'^^p is contracted to zero and so it is connected. Now, write 



Since by the definition, A^^ is open and 0 G A)}'^ n A'ffp,, using a connectivity 
argument, we have A^^ = Affp,. ■ 

Let us prove Theorem 12.41 which is the main result of this section. 

With a translation argument, we assume that to = 0. Thus, *S(T) < m and with 
lemma ITTl u{t) G Af ^ for any t G [0,T*). Moreover, 


m > 


(s-^Kyu) 

Hi,flu) 

- m 

7T1v('A:IG“TUi 

i=i 


2 

2 + 


i=i 


1 

P 


m 


) o,jk 
j,k=l 



> 
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Thus, u is bounded in Preciesly 


sup y'||Auj|p< 

0<t<T* 


(2 + N)m 
2 


Moreover, since the norm is conserved, we have 


m 

sup 2, l|Uj||H 2 < OO- 

0 <t<T* 


Finally, T* = oo. 


5. Gagliardo-Nirenberg inequality 

In this section we determine the best constant CN,p,ajk iu the Gagliardo-Nirenberg 
inequality fl2.6p . Precisely we prove Theorem 12.71 

For 'ijjj G H'^ and z/, /u > 0, we denote the scaling and compute 

Uj’^WZ = 

Therefore, ..., ..., i/z^), for any (?/;i,..., i/;^) G H. Let (?/z*,..., i/;^) 

be a minimising sequence for fl2.7p and 


R. = 


E ii'/’J 

t=i 


s ||2 




s|l2 

j II 


hs — 


t=l 


i=i 


s ||2 


t=i 


s||2 


By the above scaling invariance, is also a minimizing se¬ 

quence. Moreover, for each s G N, 


i=i i=i 

(^^sys,tJ.s jg g^jgQ minimizing sequence and is bounded in H^d- Therefore, there exist 
...,-0^) G Hj-d and a subsequence, denoted such that 

the weak convergence holds 

Since p < thanks to the compact Sobolev injection fl2.9p . 

Since the norm is weakly lower semi-continuous, 

m m 

J2\\A'ip*Y<l and ^||i/z;f<l. 
i=i i=i 
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The strong convergence in implies 

p(wr’'‘-,...,(o-") ^ pw. 

Hence, 

a < ^ ^ = lim = a. 


Therefore, 


j=i 


* 11 2 

j II 


(p-i)iv m 


J2\\t 


* 11 2 

j II 




N-p(N-4) 


= 1 


and consequently 

m m 

Eii^uf = Eiiuf = 1- 

i=i i=i 

Combined with weak convergence, one concludes that 

in H,a. 

Thus, a = 

Remark 5.1. It follows from the previous equality that {fjl, is a minimizer 

of J in Hrd and satisfies the Euler-Lagrange equation 

d 


de 


J{'i/jl + evi,...,if^ + eVm)\e=o = 0 for all {vi, ...,Vm) ^ 


Taking into account of the equalities Eiiuf = E ||A'0*||^ = 1, yields 


i=i 


i=i 

m 


{p — 1)-^a2;* ^ — p{N — 4) \ I *\n\ I *\v—2 i * 

. av ; + — ^ — -rj = aY,ajk\rkWj\^ ^ry 


k=l 


Now, we prove the last part of Theorem 12.71 


With uniqueness and scaling arguments. 

U(-) = 

— N{p — 1)' 

2apij / 

((ip-N{p-l)\\ 

) A(p-l) j 

Compute 


.0 = 2p/„,,(/3)iAlj 

where 





(ET)' 


X I := AjW 


ip — N{p — l)\i 
N{p - 1) 


\w 


\2p 

\2p 


fm,pW) = 


i=i 


Epd7 + /? E 

j=l 
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Denote for j = 2,m, then 


i + E*: 


fm,pW) = 


i=2 


hi + + f3F(t2, tm) 

i=i 


Therefore, for /xi = niin(/i 2 , hm), we have 


/m,p(0) > 




p 


hi 


m 

1 + x; 

i=i 


1 

> —. 
hi 


Pohozaev identity gives 


IIAinir 


N{p - 1) 
N-p{N-A) 


and 


I II 2p 

Hhp = 


Ap 


N -p{N -A) 


\w\ 


Then 




(p-l)JV 

{N{p-1)) ^ \\wfP-^ 

(p-l)iV-4 • 

Ap{N-p{N-A)) 4 


Therefore, for small f3 > 0, J(T*) > J{'ifjj,0) and so the minimal constant is given 
by 

(p-l)iV-4 

. , 4p(iV-p(iV-4)) ^ 

Cn,p = mm{/ii,..., Prn} - JPZT^ -• 

(A(p — 1 )) 


6. Global existence in the mass critical case 

Using the minimal constant CN,p,ajk vector-valued Gagliardo-Nirenberg in¬ 

equality, we deduce that the Cauchy problem fll.ll) is well posed in the mass critical 
case p = p* provided the initial data is sufficiently small. More precisely, we prove 
Theorem EE 

Recall the energy functional by 

^ m 

E{ui,...,Um) = -'^\\Auj{t)f - P{Ui{t),...,Um{t)). 
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Using the minimal constant C = C^^p^ajk obtained above with p = p*, 

m 

'^\\AUj{t)\\‘^ = 2E+ 2P{ui{t), ...,Ura{t)) 
i=i 

m (p-l)iV m N-p(N- 4 ) 

< 2B + 2c(5^||A«,(t)||2) ‘ (5^|l«i(i)f) ‘ 

j=i i=i 

m m 4 

< 2E + 2C[J2 l|A“,(‘)lt) ( E ll“iWf) "■ 

t=i i=i 

This implies that 

m 4 m 

(1 - 2 C( E llUlt) ") E II < 2 E. 

j=i i=i 

m 

Therefore, if the initial data ll'^jlP are chosen small enough, namely 

i=i 

m 1 

Eiiuit<yh 

i=i 

the norm is bounded and so T* = 00 . 
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